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We study the limitations on coherence evolutions under the constraints of thermodynamic laws,
and focus on the optimal thermal operations (TO) reaching the bounds. For qubit case, we find
a thermal operation involving only a single-mode reservoir (STO) which maintains the maximum
coherence allowed by general TO. For higher dimensions, we derive general bounds on coherence
merging under TO, and find STO to reach the bounds. By applying the bound to a two-qubit
system, we prove that erasing correlations while preserving the marginal states is not free in the
resource theory of thermodynamics. Due to the simple structure of STO and its strong ability in
coherence processing, our results shed light on both theoretical and experimental studies in the field
of thermodynamics for small quantum systems.
PACS numbers: 05.30.-d, 03.65.Ta, 03.67.-a
I. INTRODUCTION
Recently, the methods stemmed from quantum infor-
mation theory have been applied to study the thermo-
dynamics in the quantum and nano-scale regimes [1–5].
The main concern of this research field is to figure out
the allowed state transformations under the constraints
of thermodynamical laws. For this aim, one first needs to
clarify the allowed operations. Such operations, known
as thermal operations (TO) ETO [6], are realized by the
following general setting. A quantum system is brought
into contact with a heat bath at an inverse temperature
β ≡ 1/kBT , and then decoupled from the bath after some
time. In some literatures, a catalytic system, which con-
tacts with the system and then returns to its original
state, is employed; such operations are called catalytic
thermal operations (CTO) [7].
By definition the heat bath is large, in the sense that
both the energy and the size of degeneracies tend to in-
finity. Such structure of the heat bath causes difficul-
ties in both theoretical analysis and experimental imple-
mentations. Hence, alternative thermal operations are
proposed to simplify the analysis. For example, two
important properties of TO, the time-translation sym-
metry and the Gibbs-preserving property, are notified.
Each property has quite clean mathematical presenta-
tions. The operations which satisfy these two proper-
ties are called extended TO (ExTO) [8]. Besides, the
experimental settings are proposed for the so-called el-
ementary TO (ElTO) [9], which are defined as TO in-
volving only two energy levels. By definition, the com-
parisons between different sets of thermal operations are
ElTO ( TO ⊆ ExTO and TO ( CTO.
Because of the time-translation symmetry, quantum
coherence between different energy levels can not be cre-
ated by thermal operations, and is hence a resource. It
attracts a lot of interest to study the dynamics of coher-
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ence under thermal operations [8, 10–17]. Despite that
nice bounds have been derived for the output coherence
after the action of ExTO [8, 10], it is difficult to verify
whether those bounds are tight. This problem is only
solved for very restricted cases, e.g., quantum operations
involving only two energy levels [8], and coherence shift-
up and shift-down in a qutrit with nondegenerate energy
levels and degenerate energy gaps [10].
In this paper, we propose a subset of thermal opera-
tions, the single-mode thermal operations (STO), which
involve only a single-mode bosonic heat bath. In spite
of the simple structure, STO perform well in processing
coherence. We prove that for a single-qubit system, STO
can induce any state transformations which are allowed
by TO. Further, we derive the tight bounds on coherence
merging under ExTO, between two energy gaps that does
not share an overlap, and obtain the STO that achieve
those bounds. The recently proposed optimal coherence
shifting [10] are special cases of our results. By apply-
ing the coherence merging bound to a two-qubit system,
we find an example where it is impossible to transform
a two-qubit state to the tensor product of the marginal
states by thermal operations. It means that erasing the
correlations between two quantum systems is not free in
the resource theory of thermodynamics.
II. THERMAL OPERATIONS AND RELATED
CONCEPTS
A completely positive and trace-preserving (CPTP)
map is called a thermal operation ETO if it can be written
as [6]
ETO(ρ) = TrR(U [ρ⊗ γR]U †). (1)
Here γR = e
−βHR/ZR is a Gibbs state of the heat
bath with Hamiltonian HR and partition function ZR =
Tr(e−βHR), ρ is a quantum state of a system with
Hamiltonian H , and U is a joint unitary commuting
with the total Hamiltonian of the system and heat bath
[U,H +HR] = 0.
2A thermal operation must satisfy the following two
properties [8, 10].
(P1) {ETO} are time-translation symmetric
ETO(e−iHtρeiHt) = e−iHtETO(ρ)eiHt. (2)
(P2) {ETO} preserve the Gibbs state
ETO(γ) = γ. (3)
An operation that satisfies (P1) is called a symmetric
operation (SO) [10, 18, 19]. An operation satisfying both
(P1) and (P2) is called an extended thermal operation
(ExTO) [8]. The elementary thermal operations (ElTO)
[9], defined as TO involving only two energy levels, are
proposed for experimental convenience. By definition,
ElTO ⊂ TO ⊆ ExTO ⊂ SO. In order to study the
comparisons between different sets of thermal operations,
the operation cone is proposed [9]. For a given state ρ,
the TO cone CTO(ρ) is defined as the set of all states that
can be prepared from ρ under the action of TO:
CTO(ρ) = {ρ′|ρ′ = ETO(ρ)}. (4)
The cones for other sets of thermal operations are defined
similarly.
We first consider the population dynamics under dif-
ferent sets of thermal operations. For a system in a
state ρ, let p be a vector of the occupation probabil-
ities pk = 〈k|ρ|k〉 of energy levels Ek, the population
dynamics induced by a CPTP map E can be represented
as
ρ′ = E(ρ)⇒ p′ = Gp, (5)
Here G is a matrix of transition probabilities Gk′k =
pk′|k ≡ 〈k′|E(|k〉〈k|)|k′〉 from energies Ek to Ek′ , and p′
is a vector of occupation probabilities p′k = 〈k|ρ′|k〉 for
the output state ρ′. From (P2), the population dynamics
G induced by ExTO is a stochastic matrix that preserves
the Gibbs distribution. Such matrices, also referred to as
Gibbs-stochastic matrices, can be realized by thermal op-
erations [6, 20]. Hence when only population dynamics is
concerned, ExTO is equivalent to TO. When the dimen-
sion of system d ≥ 3, some of the population dynamics
induced by TO can not be realized by a sequence of ElTO
[9].
The dynamics of coherence between energy levels de-
pends on both initial coherence and transition probabili-
ties. For a quantum state ρ expanded in its energy eigen-
basis ρ =
∑
i,j ρij |i〉〈j|, a mode of coherence is defined
as an operator ρω composed of coherence terms between
degenerate gaps:
ρω =
∑
i,j:Ei−Ej=~ω
ρij |i〉〈j|. (6)
By a symmetric operation, each mode in the initial state
is independently mapped to the corresponding mode of
the final state [10]. The output coherence term after the
action of a symmetric operation is bounded as
|ρ′ij | ≤
∑
c,d
′|ρcd|√pi|cpj|d. (7)
where the primed sum
∑′
means the summation only
over indices c, d satisfying Ec −Ed = Ei −Ej . As found
in [8], CExTO(ρ) = CTO(ρ) if ρ is a qubit state. However,
for higher dimension systems, there are situations where
the state transformations under TO can not reach the
above bound. Hence the authors of Ref. [8] believe that
ExTO can outperform TO in coherence processing.
III. SINGLE-MODE THERMAL OPERATION
A single-mode thermal operation is a thermal oper-
ation involving only a single-mode bosonic heat bath.
Mathematically, it is written as in Eq. (1), where the
Hamiltonian of heat bath reads
HR =
∞∑
n=0
n~ω|n〉R〈n|. (8)
The thermal state of the heat bath is then γSTOR =∑∞
n=0 γn|n〉〈n| with γn = qn(1− q) and q ≡ e−β~ω.
By the energy-preserving condition, a single-mode heat
bath can only affect the quantum system whose energy
gaps equal to ~ω (multiplied by a positive integer), so
STO is a strict subset of TO. Nevertheless, we will show
that when the size of the system is small, the STO cone
occupies a large fraction of the TO cone. Especially, STO
outperforms ElTO greatly in coherence processing. Com-
pared with the general heat bath, a single-mode bosonic
bath is friendly to experimental implementations.
Now we consider a d-dimension quantum system with
Hamiltonian
H =
d−1∑
k=0
k~ω|k〉S〈k|. (9)
The joint unitary U is in the block-diagonal form U =
⊕∞j=0U (j), where each block U (j) lives in a subspace with
total energy j~ω. In the basis {|k〉S ⊗ |n〉R}, the block
U (j) is written as
U (j) =
dj−1∑
k,k′=0
U
(j)
kk′ |k, j − k〉〈k′, j − k′|, (10)
where the subspace dimension dj = max(d, j+1). Defin-
ing vectors ~Ak′k ≡ (An0k′k, · · · , Ank′k, · · · ) with Ank′k =√
γnU
(k+n)
k′k and n0 = max(0, (k
′ − k)), we obtain the
transition probabilities
pk′|k = |Ak′k|2, (11)
3as well as the dynamics of coherence terms
〈i|ESTO(|c〉〈d|)|j〉 = ~A∗i|c · ~Aj|d, (12)
where i− c = j − d.
Some constraints on the transition probabilities pk′|k
can be derived directly from Eq. (11). For example,
p0|0 ≥ 1 − q, and for k′ > k, pk′|k ≤ qk′−k. These con-
straints forbids the exchange of occupations of different
energy levels. When only the energy levels k and k′ are
involved and the bound pk′|k = q
k′−k is reached, the cor-
responding STO is just a β-swap [9] β(k,k
′) between levels
k and k′.
By the Cauchy-Schwarz inequality, Eq. (12) leads to
Eq. (7), and the equality holds when the joint unitary
U exists such that ~Ai|c ∝ ~Aj|d for i − c = j − d. This
provides a simple way to judge whether the bound as in
Eq. (7) can be reached by STO, and if yes, to derive the
explicit form of STO that reaches the bound.
A. Qubit case
If we only consider the population dynamics of a qubit
system, various sets of thermal operations become equiv-
alent. We clarify this observation in the following lemma.
Lemma 1. Consider a qubit system with Hamiltonian
H = E|1〉〈1|. If the initial state is diagonal ρdiag =
diag(p0, p1), then we have
CTO(ρdiag) = CCTO(ρdiag) = CSTO(ρdiag) = CExTO(ρdiag).
(13)
In the Bloch representation, CTO(ρdiag) is the segment
connecting the Bloch vectors of ρdiag and β
0,1(ρdiag). The
transition probability that can be induced by TO satisfies
p0|0 ∈ [1− e−βE , 1].
When coherence dynamics is considered, both ExTO
and TO are proved to be able to achieve the bound as
in Eq. 7 for qubits states [8]. Here we prove a stronger
result that STO can also reach this bound. Precisely, for
any qubit state ρ and any given transition probabilities
p0|0 and p1|1 (which preserve the thermal state), we find a
STO ESTOc where the coherence term of the output state
ρ′ = ESTOc (ρ) reaches the bound |ρ′01| = √p0|0p1|1|ρ01|.
The joint unitary of ESTOc is in the form of Eq. (10) with
U (0) = |00〉〈00|, and for j ≥ 2, dj = 2 and
U
(j)
00 = U
(j)
11 =
(
p1|1
p0|0
) j
2
,
U
(j)
01 = −U (j)10 =
√
1−
(
p1|1
p0|0
)j
. (14)
By the Gibbs-preserving condition p1|1 = 1 − eβ~ω(1 −
p0|0) ∈ [0, p0|0) and p0|0 ≥ 1 − eβ~ω > 0, so the joint
unitary U with the above parameters always exists. To-
gether with Lemma 1, we obtain the following theorem.
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FIG. 1: (color online). Comparison of the TO, ElTO, and
STO cones for a qutrit state. The Hamiltonian of the
qutrit is Eq. (9) with d = 3. The initial state is ρ =
diag(0.8, 0.16, 0.04). Here the parameter q ≡ e−β~ω = 0.5.
Theorem 1. For any qubit state ρ,
CSTO(ρ) = CExTO(ρ). (15)
It means that for a qubit system, the state transition
induced by ExTO, can be realized by STO. For a high-
dimension system, if an extended thermal operation in-
volves only two energy levels, then its action on states
can also be realized by STO.
B. High-dimension case
Now we consider a qutrit sytem whose Hamiltonian is
Eq. (9) with d = 3. The ranges of output populations
are derived from Eq. (11). For a diagonal input state ρ
with p0 > p1/q > p2/q
2, we find that its STO cone is
a strict subset of ElTO cone, which is in turn subset to
TO (see Fig. 2). Nevertheless, STO outperform ElTO in
processing coherence. For ElTO, the coherence term of
output state is damped as |ρ′kk′ | ≤ √pk|kpk′|k′ |ρkk′ | [9].
From Theorem 1, this bound can be reached by STO.
Moreover, STO can perform coherence processing tasks
such as coherence shifting, while ElTO can not.
An example was found where TO can not reach the
coherence bound as in Eq. (7) (although it is still open
whether the output coherence of TO can get arbitrary
close to Eq. (7)). In Appendix VD, we prove that ExTO
can always reach the bound. Hence TO is a strict sub-
set of ExTO. We plot the comparison of different sets of
thermal operations in Fig. 2.
IV. COHERENCE MERGING BETWEEN
DEGENERATE GAPS
In a qubit system, the coherence term can not be in-
creased by TO. From Eq. (7), in high-dimension sys-
4FIG. 2: (color online). The comparison between ExTO, TO,
STO, and ElTO.
tems, one coherence term ρij can be increased on the
sacrifice of decreasing another coherence term ρcd which
is in the same mode as ρij . Coherence merging is a task
which merges many nonvanishing coherence terms in the
same mode into a single coherence term. Precisely, let us
consider a four-level system dominated by the following
Hamiltonian:
H =
3∑
j=0
Ej |j〉〈j| (16)
with E0 = 0, E3 = E1 + E2 and E1, E2 ≥ 0. This
Hamiltonian is nondegenerate but have degenerate gaps:
E1 −E0 = E3 −E2. It is easily identified that the mode
ω1 ≡ E1/~ is composed of two terms:
ρω1 = ρ10|1〉〈0|+ ρ32|3〉〈2|. (17)
In the task of coherence merging, we want to merge them
into a single coherence term ρ′10 (or ρ
′
32), i.e., to maximize
ρ′10 (or ρ
′
32) for fixed ρ10 and ρ32. From Eq. (7),
|ρ′10| ≤ √p0|0p1|1|ρ10|+√p0|2p1|3|ρ32|. (18)
For symmetric operations, the bound |ρ10|+ |ρ32| can be
reached. The Kraus operators of such symmetric oper-
ation are K0 = |0〉〈0| + |1〉〈1| and K1 = |0〉〈2| + |1〉〈3|.
Nevertheless, this symmetric operation does not preserve
the Gibbs state and is hence not a TO. Here we derive
a tight bound for coherence merge under ExTO, which
is stated as the following theorem. Detailed proof is in
Appendix VC.
Theorem 2. The bounds for coherence merging under
ExTO are as follows. For coherence merging down,
|ρ′10| ≤ max(|ρ10|, (1− e−βE2)|ρ10|+ |ρ32|), (19)
and for coherence merging up,
|ρ′32| ≤ max(|ρ10|e−βE2 , |ρ32|). (20)
The above bounds can be achieved by a STO.
Depending on the ordering of |ρ10|e−βE2 and |ρ32|, the
optimal TO that reach the above bounds is either identity
or the quantum operation β(0,2;1,3)(ρ) which we call a
simultaneous β-swap. The Kraus operators of β(0,2;1,3)
are
Kβ0 =
√
1− e−βE2(|0〉〈0|+ |1〉〈1|),
Kβ1 = |0〉〈2|+ |3〉〈1|, (21)
Kβ2 =
√
e−βE2(|2〉〈0|+ |3〉〈1|).
The simultaneous β-swap β(0,2;1,3) can be realized by the
STO with
U = |00〉〈00|+ |10〉〈10|
+
∞∑
n=1
(|0〉〈2|+ |1〉〈3|)⊗ |n〉〈n− 1|
+
∞∑
n=1
(|2〉〈0|+ |3〉〈1|)⊗ |n− 1〉〈n|, (22)
and HR =
∑∞
n=0 nE2|n〉〈n|.
Let us analyse why the bound |ρ10| + |ρ32| of coher-
ence merging down can not be reached by a TO (the dis-
cussion for merging up is analogous). The effect of Kβ1
is to transfer the coherence term ρ23 down, meanwhile,
the populations on levels 2 and 3 are also transferred
down. From the Gibbs-preserving condition, a transfor-
mation from levels 0 and 1 to levels 2 and 3 should be
performed in order to balance the population. Such a
transformation, which is realized by Kβ2 , causes a de-
crease in the coherence term ρ01. Therefore, we need to
compare the amount of coherence merged down and the
decrease caused in the coherence term ρ01. If the former
is larger, the TO for optimal coherence merging down is
proved to be β(0,2;1,3); otherwise, the best way is to keep
the state unchanged.
The four-level system discussed above can be consid-
ered as two qubits with Hamiltonian HA = E2|1〉〈1| and
HB = E1|1〉〈1| respectively. In this regime, a direct
consequence of Theorem 2 is that, it is not free in the
resource theory of thermodynamics to decouple a com-
posed system, i.e, to transform a composed state ρAB to
the tensor product of its marginal states ρA⊗ ρB (where
ρA = TrB(ρAB) and similar for ρB). To this end, let us
consider the following two qubit state
ρAB = p|0〉A〈0| ⊗ ρB0 + (1− p)|1〉A〈1| ⊗ ρB1 , (23)
where the density matrices ρB0,1 of qubit B share the same
diagonal elements 〈0|ρB0 |0〉 = 〈0|ρB1 |0〉, but different off-
diagonal elements 〈0|ρB0 |1〉 = a > 0, 〈0|ρB1 |1〉 = b > 0
and a 6= b. Direct calculations show that the coherence
term of the tensor product state ρA ⊗ ρB is 〈00|(ρA ⊗
ρB)|01〉 = p[pa+ (1− p)b]. Let ρ′AB = EExTO(ρAB) then
from Theorem 2, 〈00|ρ′AB|01〉 ≤ max((1 − q)pa + (1 −
p)b, pa). If a < b < ap(p+q−1)(1−p)2 (which implies p > 1/(1 +
q)), then 〈00|ρ′AB|01〉 < 〈00|(ρA ⊗ ρB)|01〉. In this case,
ρA⊗ρB /∈ CExTO(ρAB). It means that it is impossible to
transform ρAB to ρA ⊗ ρB by thermal operations.
5Now we briefly discuss coherence merging between two
coherence terms that have an overlap. Precisely, the sys-
tem under consideration is a qutrit whose Hamiltonian is
Eq. (9) with d = 3. The coherence terms ρ10 and ρ21 in
the mode ρω shares the same energy level 1. Let |ρ10| = a
and |ρ21| = b. Ref. [10] gives the bounds for coherence
merging under TOs as follows:
|ρ′10| ≤
√
a2 + b2, for merging down, (24)
|ρ′21| ≤
√
e−β~ωa2 + b2, for merging up. (25)
As we have noticed, transferring the coherence term ρ21
down must cause a decrease in ρ10, and vise versa. There-
fore, the above bounds are not tight. Here we prove
tighter bounds for coherence merging under TOs:
|ρ′10| ≤ max{
√
(1− e−2β~ω)a2 + b2, a}, (26)
|ρ′21| ≤ max{ae−β~ω, b}. (27)
V. CONCLUSION
We have studied the coherence evolutions under the
constraints of thermodynamics, and focused on the opti-
mal TO that can reach the bounds. Interestingly, for the
case where only two energy levels are involved, and for
coherence merging between two coherence terms which
do not share an energy level, we find that the bounds,
which are derived for general TO, can be realized by ther-
mal operations involving only a single-mode bosonic heat
bath.
Besides, we find that it is not free in the resource the-
ory of thermodynamics to transform a bipartite state to
the tensor product of the marginal states by thermal op-
erations. Hence, special attentions have to be paid when
we employ a catalytic in a mixed state: not only the state
of the catalytic must return to its original state, but also
the correlation with other systems should be erased.
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6Appendices
A. Proof of Lemma 1.
It is proven in Ref. [6, 20] that, any Gibbs-preserving
population dynamics can be realized by TO. Therefore,
CExTO(ρdiag) = CTO(ρdiag). From Lemma 1 of Ref. [9],
CTO(ρdiag) = CSTO(ρdiag).
For a qubit system, the population dynamics matrix
induced by TO reads [9]
G(0,1) =
(
p0|0 (1− p0|0)eβE
1− p0|0 1− (1 − p0|0)eβE
)
, (28)
where p0|0 ∈ [1 − e−βE, 1] because all of the transi-
tion probabilities are nonnegative. For a state ρTOdiag =
diag(pTO0 , 1− pTO0 ) ∈ CTO(ρdiag), we have
pTO0 = p0|0p0 + (1 − p0|0)eβE(1− p0)
= p0|0[p0 − eβE(1− p0)] + eβE(1− p0). (29)
Then p0|0 ∈ [1 − e−βE , 1] is equivalent to that the value
of pTO0 is between p0 and p
c
0 ≡ 1 − p0e−βE. Meanwhile,
β0,1(ρ) = diag(pc0, 1−pc0). Hence, CTO(ρdiag) the segment
connecting the Bloch vectors of ρdiag and β
0,1(ρdiag).
Now we are left with the CTO cone. Because TO is a
subset of CTO by definition, we only need to prove that if
ρCTOdiag = diag(p
CTO
0 , 1− pCTO0 ) ∈ CCTO(ρdiag), then pCTO0
is between p0 and p
c
0. From the free energy condition [7],
ρdiag can be transformed to a state arbitrarily close to
ρCTOdiag iff
Dα(ρ||γ) ≥ Dα(ρCTO||γ), ∀α ∈ (−∞,∞), (30)
where Dα(p||q) = sgn(α)1−α log
∑
i p
α
i q
1−α
i is the Re´nyi di-
vergences. For a diagonal qubit state σ = diag(r0, r1),
D∞(σ||γ) = log Z + log[max{q0, q1eβE}], (31)
D−∞(σ||γ) = − log Z− log[min{q0, q1eβE}]. (32)
If ρCTOdiag ∈ CCTO(ρdiag), then D∞(ρdiag||γ) ≥
D∞(ρ
CTO
diag ||γ) and D−∞(ρdiag||γ) ≥ D−∞(ρCTOdiag ||γ), and
in turn,
max{p0, p1eβE} ≥ max{pCTO0 , pCTO1 eβE}, (33)
min{p0, p1eβE} ≤ min{pCTO0 , pCTO1 eβE}. (34)
It means that pCTO0 is between p0 and p
c
0. This completes
the proof.
B. Proof of Theorem 1.
Proof. For a qubit system, joint unitary U is in the block
diagonal form U = ⊕∞j=0U (j), where U (0) = |00〉〈00| and
for j ≥ 1, the diagonal blocks U (j) of are 2 × 2 unitary
operators, so we have U
(0)
00 = 1 and for j ≥ 1, |U (j)00 | =
|U (j)11 | and |U (j)01 | = |U (j)10 | =
√
1− |U (j)00 |2. Then from Eq.
(11), the transition probabilities are calculated as
p0|0 =
1
ZR
∞∑
j=0
qj |U (j)00 |2, (35)
p1|0 =
1
ZR
∞∑
j=1
qj |U (j)10 |2 = 1− p0|0, (36)
p0|1 =
1
ZR
∞∑
j=1
qj−1|U (j)01 |2 =
1
q
p1|0 =
1
q
(1− p0|0),(37)
p1|1 =
1
ZR
∞∑
j=1
qj−1|U (j)11 |2
= 1− p0|1 = 1−
1
q
(1 − p0|0). (38)
Hence, the transition probabilities p1|0, p0|1, and p1|1,
or equivalently the population dynamics, are determined
by pi|i. Because U
(0)
00 = 1 and |U (j)00 | ∈ [0, 1], ∀j ≥ 1,
we have p0|0 ∈ [1 − q, 1]. From Lemma 1, this is also
the necessary and sufficient condition for a population
dynamics achieve by ExTO.
Next, we consider the coherence dynamics enabled by
a STO. For a qubit system, the coherence term can not
increase under thermal operations. The damping factor η
of coherence is defined as
∣∣〈0|ESTO(ρ)|1〉∣∣ = η|ρ01|. From
Eq. (12), the damping factor of the coherence term reads
η =
∣∣〈0|ESTO(|0〉〈1|)|1〉∣∣ = ~A∗0|0 · ~A1|1
≤ | ~A0|0| · | ~A1|1| = √p0|0p1|1 (39)
This is just the bound for processing coherence under
ExTO (Eq.(7)). Here the equality holds when ~A1|1 =
| ~A1|1|
| ~A0|0|
eiϕ ~A0|0 for some ϕ. Thus,
A011 =
√
p1|1
p0|0
eiϕ,
Aj11 = (A
0
11)
jeiφj−1 , Aj00 = (A
0
11)
jeiφj ,
Aj10 =
√
1− |A011|2jeiψj ,
Aj01 = −
√
1− |A011|2jei(φj−φj−1−ψj). (40)
Because 0 ≤ p1|1 < p0|0, the above parameters in U al-
ways exist. In a word, when only two energy levels are
involved, both the population and the coherence dynam-
ics induced by an extended TO can also be realized by a
STO.
C. Proof of Theorem 2
Proof. We prove the bound for merging down, and the
results for merging up are analogous. By the Gibbs-
preserving property, the transfering probabilities in Eq.
7(18) should satisfy
p0|0 + p0|2e
−βE2 ≤ 1, (41)
p1|1 + p1|3e
−βE2 ≤ 1. (42)
Labeling p0|0 = α
2
0 cos
2 θ0, p0|2e
−βE2 = α20 sin
2 θ0, p1|1 =
α21 cos
2 θ1, p1|3e
−βE2 = α21 sin
2 θ1 with α0, α1 ∈ [0, 1] and
αj cos θj ∈ [
√
α2j − e−βE2, αj ], j = 0, 1, Eq. (18) becomes
|ρ′10| ≤ α0α1 cos θ0 cos θ1|ρ10|
+α0α1 sin θ0 sin θ1|ρ32|eβE2
= α0α1 cos(θ0 − θ1)|ρ32|eβE2
+α0α1 cos θ0 cos θ1(|ρ10| − |ρ32|eβE2)
≤ α0α1|ρ32|eβE2
+α0α1 cos θ0 cos θ1(|ρ10| − |ρ32|eβE2). (43)
If |ρ10| − |ρ32|eβE2 ≥ 0, we obtain
|ρ′10| ≤ α0α1|ρ32|eβE2 + α0α1(|ρ10| − |ρ32|eβE2)
= α0α1|ρ10| ≤ |ρ10|. (44)
It is easy to check that the equalities holds when pj|j =
1, ∀j = 0, 1, 2, 3. Hence, the identity operation or unitary
operations diagonal in the energy eigenbasis can achieve
this bound. Such operations can certainly be achieved
by an STO.
For the case that |ρ10| − |ρ32|eβE2 < 0, Eq. (43) be-
comes
|ρ′10| ≤ [α0α1 −
√
(α20 − e−βE2)(α21 − e−βE2)]|ρ32|eβE2
+
√
(α20 − e−βE2)(α21 − e−βE2)|ρ10|
≤ (1− e−βE2)|ρ10|+ |ρ32|. (45)
The last inequality is from the fact that, the coefficient
functions of both |ρ32| and |ρ10| maximize at α0 = α1 =
1. We check that the population dynamics that reaches
this bound reads
G =


1− e−βE2 0 1 0
0 1− e−βE2 0 1
e−βE2 0 0 0
0 e−βE2 0 0

 . (46)
It is composed of two simultaneous β−swaps between
levels 0,2 and between levels 1,3. Based on this consider-
ation, we obtain the STO that reaches the bound in Eq.
(45): β(0,2;1,3)(ρ) = TrR[U(ρ⊗ γR)U †], where
U = |00〉〈00|+ |10〉〈10|
+
∞∑
n=1
(|0〉〈2|+ |1〉〈3|)⊗ |n〉〈n− 1|
+
∞∑
n=1
(|2〉〈0|+ |3〉〈1|)⊗ |n− 1〉〈n|, (47)
and γR = exp(−βHR)/ZR with HR =
∑∞
n=0 nE2|n〉〈n|.
It can be checked that U preserves the total energy
of the system. Interestingly, the STO β(0,2;1,3) can
also reach the coherence merging up bound for the case
|ρ10|e−βE2 ≥ |ρ32|.
D. ExTO that reaches the bound of output
coherence
Here we derive the Kraus operators of the ExTO EExTOc
which reaches the bound as in Eq. (7):
E∆ =
∑
k
∆√
pk∆|k|k∆〉〈k|, (48)
where ∆ ∈ {∆|∆ = Ek′ − Ek, k, k′ = 0, · · · , d − 1}
is any possible gap, and the sum
∑∆
k means that when
taking the summation over k, the index k∆ should satisfy
Ek∆ = Ek +∆.
The quantum operation
∑
∆ E
∆ ·E∆† is a CPTP map,
because
∑
∆
E∆†E∆ =
∑
∆
∑
kk′
∆√
pk∆|kpk′∆|k′ |k′〉〈k′∆|k∆〉〈k|
=
∑
∆
∑
k
∆
pk∆|k|k〉〈k|,
=
∑
k
∑
k∆
pk∆|k|k〉〈k| = 1. (49)
The action of EExTOc on any input state ρ then reads
EExTOc (ρ) =
∑
∆
∑
kk′
∆√
pk∆|kpk′∆|k′ |k∆〉〈k|ρ|k′〉〈k′∆|
=
∑
k∆k
′
∆
∑
kk′
′√
pk∆|kpk′∆|k′ρkk′ |k∆〉〈k′∆|, (50)
where the primed sum
∑′
kk′ denotes the summation only
over indices k, k′ such that Ek∆ − Ek = Ek′∆ − Ek′ . It is
easily checked that pk∆|k are the transition probabilities
(from energy level Ek to Ek∆), because
ρ′k∆k∆ =
∑
k
pk∆|kρkk. (51)
Clearly, each coherence term of output state is
ρk∆k′∆ =
∑
kk′
′√
pk∆|kpk′∆|k′ρkk′ , (52)
which is just the upper bound as in Eq. (7).
